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Solutions to be handed in before class on Friday December 6.

Problem 35. Show that the dimension of the Schubert variety is the maximum
of the dimensions of the Schubert cells contained in it.
(1 point)

Problem 36. Using problems 12 and 13, describe the Schubert variety for s;s3s2
as the intersection of the Grassmannian Gr(2,4) (which is a quadric in P%) with
the tangent space at the identity element. Conclude that this Schubert variety
is singular.

(3 points)
Problem 37. 1. Show that a Schubert variety is irreducible.
2. Show that X = Gr(d,n) and Flgq have a stratification
X=Xy2X;2...2X,=0 (15)

where X is closed, and X; \ X,y is the disjoint union of affine spaces (of
possibly different dimension).

(2 points)
These properties show that the cohomology ring (which is an associative and
commutative graded ring in degrees 0, ...,d where d is the dimension) of these

flag varieties has as an additive basis the classes of Schubert varieties, with the
class of a Schubert variety of codimension ¢ in degree 2¢. In particular we also
have from the general formalism that:

1. there is a unique class in the top degree (why is this the case in our
setting?)

2. if two subvarieties of complementary dimension meet transversally in pre-
cisely ¢ points, then the product of their classes is ¢ times the unique class
in top degree.

Problem 38. We want to understand the intersection of a Schubert variety €2
and an opposite Schubert variety Q,, in Gr(r, m). We will denote F, the standard
flag, and F, the opposite flag. We denote

A= Fppioy,
B; = ~n+z’—u,y (16)
Ci=AiNBri1-

for 1 <i <r, where n:=m —r.
1. Show that C; is spanned by those vectors e; for which

Tt prp1— SJ<n+i— A, (17)
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so that
dimC; =n+1—X — fyy1-4 (18)

if the right-hand side is nonnegative, and C; = 0 otherwise.

(2 points)
. If Q) and ﬁu are not disjoint, then
i+ prr1oi <n (19)
foralll <i<r.
(2 points)

. Assume that ||+ || = 7(m —7). Show that the intersection of Qy and Q,,
is

0N, = {{Pt} if A+ pry1—s =nforall<i<r 0)

0 if \; + pr11-¢ > n for some i

In the language of cohomology rings (or Chow rings), this means for the
Schubert classes oy = [Q,] and o, = [Q,] that

1 X and p dual
S — 21
ox " Ou {O otherwise (21)
for A and p as above, and dual meaning that yu; =n — A\.p1-; — 4.
(3 points)

Problem 39. Compute the ring structure of the cohomology ring of Gr(2,4),
using Pieri’s rule, which for a Grassmannian Gr(d, n) says that

O'/\'O'k:ZUX (22)
)\/

where ) runs over the Young diagrams obtained from A obtained by adding k
boxes, but never more than one in a single column. Here o is the special
Schubert variety, associated to A = (k).

Describe all non-zero products of Schubert classes.

(3 points)
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