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Abstract

In this short note we prove that non-quadratic 4-dimensional Artin-Schelter
regular algebras do not give rise to smooth projective 3-folds. This is in contrast
with the 3-dimensional case, where the quadric surface can be described using a cu-
bic Artin-Schelter regular algebra, and therefore they give rise to noncommutative
quadrics.

1 Introduction

In [1] Artin and Schelter introduced a class of noncommutative graded algebras whose
homological and ring-theoretical properties mimick those of the usual polynomial
algebra. They have become one of the most important objects in noncommutative
algebraic geometry: given the correct Hilbert series they provide a noncommutative
version of P”. They are defined as follows.

Definition 1. Let Abe a connected graded k-algebra. We say it is Artin—Schelter regular
of dimension d if

1. gldimA=d
2. GKdim < +oo
3. Ais Gorenstein, i.e.
. 0 i#d
1 Ext’, (k, A) =
( ) X A( ) {k(f) i = d,

where ¢ is the Gorenstein parameter of A.

Throughout this note we will assume moreover that all graded algebras are generated
in degree 1, and that they are noetherian. It then follows for d < 4 that they are
domains [2, theorem 3.9].

To a sufficiently nice graded algebra one associates its noncommutative projective
scheme [4], which is the abelian category qgr A, defined as the Serre quotient of the
category of graded modules modulo the finite-dimensional graded modules. If A is a
homogeneous coordinate ring for a projective variety X, then coh X =~ qgr A.
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Artin-Schelter regular algebras have been classified in low dimensions. In dimension 2
there are only two types of algebras [1], the skew polynomial algebras k({x, y)/(xy—qyx)
for some q € k* and the Jordan plane k{x, y)/(xy — yx — x?), all of which have the
same Hilbert series as k[x, y]. Moreover they are all twisted homogeneous coordinate
rings of P!, and hence qgr A ~ coh P!.

In dimension 3 there exists a complete classification of Artin-Schelter regular algebras
[3]. An important feature is that there are now two possible Hilbert series. There
now exist many algebras for which there is no smooth projective surface S such
that coh S =~ qgr A, so they truly give rise to noncommutative surfaces. But we do have
the following equivalences

cohP? ~ qgrk[x, y, z],
cohP! x P! ~ qer k{x, y)/(xzy - yxz, xy2 - yzx),

where k[x,y, z] (resp. k[x, y]/(x*y — yx?, xy? — y*x)) is a quadratic (resp. cubic) Artin—
Schelter regular algebra. The other algebras in the classification are therefore named
noncommutative planes and noncommutative quadrics, depending on their Hilbert
series.

Observe that k[x, y, z, w]/(xy — zw) is not an Artin-Schelter regular algebra, because
it has infinite global dimension.

In dimension 4 the complete classification is still far from finished. But given that P2
and P! x P! arise using 3-dimensional Artin-Schelter regular algebras, one can ask
whether all classes of 4-dimensional Artin—Schelter algebras give rise to (noncommu-
tative) deformations of certain smooth projective 3-folds. This would give a geometric
interpretation of these algebras like in the 3-dimensional case.

For the quadratic case there is the obvious equivalence qgrk[x,y,z, w] =~ cohP3.
The following theorem shows that there no such interpretation is possible for the
non-quadratic cases, and this is the main result of this note.

Theorem 2. Let A be a non-quadratic 4-dimensional Artin-Schelter regular algebra.
Then there does not exist a smooth projective 3-fold X such that qgr A ~ coh X.

In particular, it does not make sense to call the noncommutative projective scheme
associated to a non-quadratic 4-dimensional Artin-Schelter regular algebra a noncom-
mutative “something”, where “something” stands for a smooth projective 3-fold.

The proofis given in section 2. We compute both the Hochschild homology of any 3-fold
using the Hochschild-Kostant-Rosenberg decomposition, and the Hochschild homol-
ogy of D" (qgr A) using noncommutative motives, and observe that the former is always
even-dimensional whilst the latter has dimension 5 or 7 in the non-quadratic case.
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2 Proof

Hochschild homology on the noncommutative side The following result is a
generalisation of [1, theorem 1.5(i)], and shows that the “finite over center” condition



in proposition 1.20 of op. cit. can be removed. It is taken from [6, proposition 1.4].

Lemma 3. Let A be a 4-dimensional Artin—-Schelter regular algebra. Then the Hilbert
series of A is one of the following:

1
1. hu(t) = TN so A has 4 generators;
2. hy(t) = m, so A has 3 generators;
1
3. ha(t) = , 0 A has 2 generators.

(1-0)*(1-)(1-1)
Example 4. The commutative polynomial ring k[x, y, z, w] is 4-dimensional Artin—
Schelter regular, and has Hilbert series of type 1. This is the quadratic case, which
is excluded in theorem 2. Central extensions of 3-dimensional cubic Artin—Schelter
regular algebras give rise to the Hilbert series of type 2.

From the Hilbert series we can read off the Gorenstein parameter of an Artin-Schelter
regular algebra as explained in [8, remark 1.17]: we have that £ = degha(t)™!. By
Orlov’s celebrated result we obtain a full and strong exceptional collection of length £
in D" (qgr A) [7, corollary 18], and as in [8, theorem 1.16] this allows us to compute the
additive invariants of this derived category. We obtain the following corollary when
we specialise to Hochschild homology.

Corollary 5. Let A be a 4-dimensional Artin-Schelter regular algebra. Then

4 if Ahas 4 generators,
(3) dimg HH, (Db(qgrA)) =45 if Ahas 3 generators,
7 if A has 2 generators.

Proof. This follows from the discussion above and lemma 3. O

Hochschild homology on the commutative side On the other hand, for a smooth
projective 3-fold we easily obtain the following restriction on the dimension of the
Hochschild homology by the symmetry in the Hodge diamond. Recall that the Hodge
numbers are defined as h?>9(X) := dim, HY(X, Qg() and that the Hochschild homology
of X (which agrees with the Hochschild homology of DP(X)) can be described using

the Hochschild-Kostant-Rosenberg decomposition as

(4) HH;(X) = @ HY(X, QR).
p—q=i
In particular, the dimension of HH, (X) is the sum of all the Hodge numbers.

Lemma 6. Let X be a smooth projective variety of odd dimension. Then HH, (X) (as
an ungraded vector space) is even-dimensional.

Proof. By Serre duality we have that h?>9(X) = h"?""9(X), where n = dim X. There
is an even number of Hodge numbers, and there are no fix points under the Serre
involution, so their sum is even. O

The proof of theorem 2 is now complete, as an equivalence qgr A =~ coh X would give
an isomorphism of Hochschild homologies.
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